ABS!RA~T: Periodic i.nterior buckling of regular multistory and multibay rectangular elastic frames with elastic bracmg IS analyzed. It IS shown that there exists a certain critical bracing stiffness for which the critical loads f~r the nonsw~y (symmetric) ~d sway (antisymme~c) buckling modes coincide. Simple formulae for the critical stIffness .are .glven .. For the. c~.tica~ and soft~r bracI~~, ~e type of postcritical buckling behavior is the unstable ~ymmetrtc. blfur~atlOn, eX~lblting !J?~erfectlOn ~:nsltlVlty. according to Koiter's 2/3-power law. For stiffer bracmg, there IS n? ImperfectIOn se.nsItlVlty. !he cn~~al. br~cmg, however, represents a naive optimal design which sho~ld be aVOIded ~ca~se the Im~rfection SenSItivIty IS t~e strongest. It is recommended that the truly optimal bracm~. sho.uld be sl~rufican!lr .stl~er .(p:rhaps 1.1 to 2 times as stiff). The buckling behavior, including the postcntlcall~perfect1on sensItivIty, IS slmtlar to that of a portal frame analyzed before. The solution also provides a demons~ation ~f ~ simple method for t~e. i~tia~ postcritical analysis of frames recently proposed by Bafant ~d Cedohn, whIch IS based on energy mmuruzatlOn. In this method, the distribution of cross section rotations IS assumed to be the same as in the classical linearized theory. The curvatures and deflections are obtained from the rotations by integration with at least a second-order accuracy (in terms of the rotations) and the axial shortening with at least a fourth-order accuracy.
INTRODUCTION
The design of slender columns and frames is currently based on the critical load for elastic buckling and on the magnification factor for the initial bending moment derived from the critical load. Such analysis, however, does not provide uniform safety factors for columns or frames of different types. Some columns and frames exhibit symmetric stable bifurcation, which is imperfection insensitive. Others exhibit unstable symmetric bifurcation or asymmetric bifurcation, which are both imperfection sensitive, the latter more than the former. This sensitivity, which means that imperfections cause the maximum load to be less than the critical load, is generally described by Koiter's asymptotic theory of initial postcritical behavior (Koiter 1945 (Koiter , 1967 Koiter and Kuiken 1971; Thompson and Hunt 1973; Hutchinson and Koiter 1970; Budianski 1974; Brush and Almroth 1975; Kollar and Dulacska 1984; Thompson and Hunt 1984; Bafant and Cedolin 1989, 1991) .
For shells, Koiter's theory has been extensively applied and has become well established. For columns and frames, however, it has not been applied in practice and has not found its way into the building codes. The reason of course is that columns and frames are much less imperfection-sensitive than shells. In shells, inevitable random imperfections may cause the maximum load to be 60-80% less than the theoretical critical load of a perfect shell. In columns and frames this redu~tion can hardly exceed 10%. Such inaccuracy is pe;haps practIcally tolerable, in view of the large safety factors used. But it means that for some types of frames the true safety factor is typically 5-10% smaller than for others [as for example demonstrated for an L-shaped frame by Roorda (l965a, b) , Roorda (1968) , Roorda and Chilver (1970) , Koiter (1~6~), Koun~is (1985) , and BaZant and Cedolin (1989) ]. ThIs IS not an Ideal state of affairs, especially since it is not d~fficult, and with a computer in fact very easy, to take the ~Ifferent imperfection sensitivities of various types of frames mto account. ' WaIter P. Murphy Prof. of Civ. Engrg and Mat. Sci., Northwestern Univ .
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• Evanston. IL. Note. Associate Editor: Eric M. Lui. Discussion open until September I. 1997. ~o extend the closing date one month. a written request must be filed With .the ASCE ~anager of Journals. The manuscript for this paper wa~ submitted for review and possible publication on January 26. 1996. This paper is part of the lournol of Structural Engineering. Vol. 123. No.4. April, 1997. ©ASCE. ISSN 0733-9445197/0004-0513-05221$4.00 + $.50 per page. Paper No. 12476. Experience shows that, for rectangular frames, the nons way (symmetric) buckling mode usually exhibits stable symmetric bifurcation, which is imperfection insensitive. On the other hand, the sway (asymmetric) mode of buckling has been shown for some rectangular frames to be imperfection sensitive. For example, as shown by Koiter (1967) , the L-frame exhibits asymmetric bifurcation, which is strongly imperfection sensitive, following Koiter's 112-power law (Koiter 1945) according to which the imperfection causes the maximum load to decrease as the 112-power of the imperfection (see also Roorda 1965a,b; Kounadis et al. 1977; BaZant and Cedolin 1989; BaZant and Cedolin 1991, section 2.6 ). The portal frame, whose bifurcation behavior was studied by von Mises and Ratzendorfer (1926) , Chwalla (1938) , BaZant (1943) , Bleich (1961) , Timoshenko and Gere (1961), and Britvec (1973) , was shown by Kounadis (1983) and Simitses et a1. (1981) to exhibit unstable symmetric bifurcation. This bifurcation is imperfection sensitive but not as strongly as the asymmetric bifurcation exhibited by the L-frame. It follows Koiter's 2/3-power law (Koiter 1945) , according to which the imperfection causes the maximum load to decrease as the 2/3-power of the imperfection. Practically an important type of buckling is the periodic interior buckling of braced and unbraced regular multi bay and multistory rectangular frames. It seems that their postcritical imperfection sensitivity has not yet been examined. This will be the objective of this paper .
. The ~econd objective will be to examine from the design v!:,,:pomt the effect of elastic bracing on the imperfection sensItIvIty of the aforementioned interior buckling. As shown by Kounadis (1983) , if the stiffness of the bracing of a symmetric portal frame is less than a certain critical value, the critical load for the sway buckling mode of the braced portal frame ?ecomes less than the critical load for the nons way mode, and In that range of bracing stiffness the buckling is imperfection sensitive according to the 2/3-power law. It follows that the bracing of a stiffness lower than this critical value should be avoided in design. It will be shown here that a similar behavior is exhibited by the interior buckling of large regular frames.
. For a certain bracing stiffness, the sway and nonsway buckhng loads of the portal frame coincide (Kounadis 1983) . From ~e viewpoint of critical load, this represents the optimal desIgn. However, as experience shows, coincidence of the critical l?ads of !~o. different buckling modes increases the imperfectIon senSItIVIty. Thus, if the postcritical imperfection sensitivity is taken into account, one finds that the aforementioned bracing design is in fact not optimum. Therefore, such a design is called the "naive" optimum design (e.g .
• BaZant and Cedolin 1991). Naive optimal designs have been demonstrated for box girders with wall stiffeners and for latticed columns. in which the naive optimum design is obtained when the critical loads for the local and global buckling coincide. In the case of the portal frame. the naive optimal design is obtained for the bracing stiffness for which the critical loads of the sway and nonsway buckling modes coincide. This paper will answer the question of naive optimal design for the interior buckling of a large regular frame. The analysis that follows will use a new efficient method of initial postcritical analysis proposed by BaZant and Cedolin (1991, section 5.9) , which is based on assuming the distribution of the rotations along the beam-column to have the same form as in the classical linear analysis of critical load.
PROBLEM DEFINITION AND CONSEQUENCES OF PERIODICITY
Large frames give rise to a large number of unknowns. requiring large-scale computer analysis which does not lend itself to easy understanding of the basic trends. Large rectangular frames, however, are often regular or almost regular, and exhibit periodic buckling modes. The regularity and periodicity may be exploited to reduce the number of unknowns greatly and thus make simple, transparent, and easily interpretable solutions possible.
Consider a large multibay and multistory regular rectangular frame whose interior portion is shown in Fig. lea) . The vertical axial forces in the columns vary from floor to floor: however, if the frame is very tall, then the change of axial force from one floor to the next is so small that a locally constant value of axial load P may be assumed. Similarly, the changes in the dimensions of the columns and beams from floor to floor may be neglected. Let te = height of the columns; Ele = their bending stiffness; lb = span of the beams; Eh = their bending stiffness; and C B = shear stiffness of the bracing of the whole floor. For steel frames, E = Young's modulus of material, and Ib' Ie = centroidal moments of inertia of cross sections, but for concrete frames the effective bending stiffness that takes into account the effect of cracking of concrete should be used. If n = number of columns in a floor, then C b = CBln = shear stiffness of the bracing per column.
We are interested in the interior buckling of the frame for which interactions with the boundaries of the frame are negligible. For this purpose, we may treat the regular frame as infinite. The only possible deflection pattern is periodic in horizontal as well as vertical direction [Fig. l(b, d») . The periodicity greatly reduces the number of unknown joint rotations and displacements. It suffices to analyze only the buckling of one cell consisting of a column, a beam, and a horizontal spring of stiffness C b which simulates the stiffness of bracing per column; see Fig. l(c, e) in which me and mb are the moments due to buckling, transmitted from the neighboring column and beam. A column or beam far away from this cell may have rather different dimensions and axial load, but its interaction with the cell is negligible if it lies far enough.
The potential energy n of this cell may be written as
( 1) in which W = work done by the applied load; U = strain energy stored; U c • U b • U. = strain energies of the column. beam, and elastic spring that represent the bracing; subscripts c. b, e refer to the column, the beam, and the elastic bracing.
CRITICAL LOADS AND BUCKLING MODE OF PERFECT FRAME Nonsway Buckling Mode
One periodic buckling mode of the infinite regular frame is the nonsway (symmetric) mode pictured, for the longest pos- Fig. 1 (b) . In that case one needs to analyze only the cell in Fig. 1 where the subscript 1 refers to the nonsway (symmetric) buckling.
The quickest way to determine the critical loads of a perfect frame is to use the stiffness matrix of a beam-column involving the so-called stability functions; see, e.g., BaZant and Cedolin (1991, chapter 2) or Simitses (1976) . Another way is the direct minimization of the quadratic expression for the potential energy. This way, briefly outlined in Appendix I, is more tedious, but also more direct. It relates more clearly to the postcritical analysis that follows, which is also based on minimization of the potential energy.
For the nonsway (symmetric) buckling of the frame, either of the two aforementioned methods yields the condition
in which ~b = (ElbIJ/(Elel,,) = parameter for the relative stiffness of the beams. For a given ~b' after solving A from (4), we can calculate Per from (3). Because ~b is always nonnegative, A ~ 1T according to (4). Furthermore, for I3b -+ 00 we have A -+ 21T, according to (4). So, 1T ::s; A ::s; 21T. This confirms for nonsway interior buckling of a regular rectangular frame the well-known condition (5)
Sway Buckling Mode
Another buckling mode of the infinite regular frame is the sway (antisymmetric) mode which is pictured, for the longest possible wavelength of the column, in Fig. l 
The boundary condition requires that w = 0 at x = -l e 12 (column bottom), and so q4 = ql sin(kI12) + (q/2). Thus, the deflection of the column according to the linearized theory is:
where ql> q3 = displacement parameters. From this equation, we can express the rotations 91> 9 2 at the column ends and the horizontal displacement A at the column top.
Using either the stiffness matrix of a beam-column with the stability functions [e.g., Bafant and Cedolin (1991), chapter 2] or the direct minimization of the potential energy outlined in Appendix I, we obtain the following condition for the critical load for sway buckling:
in which ~e = (Cbl~)/(Ele) = parameter for the relative stiffness of bracing. For a given ~b and ~ .. this equation gives A, and thus the critical load according to (3).
For ~. = 0 (no bracing), the case ~b -+ 0 implies that A -+ o or Per, -+ 0, and the case ~b -+ 00 implies that A -+ 1T or Per, -+ P E , where the subscript 2 refers to the sway (nonsymmetric) buckling. This confirms for the case of no bracing (~e = 0) the well-known condition (8) Comparing this to (5), we also confirm that, if ~. = 0, Per for sway buckling cannot be larger than Per for nonsway buckling.
Coincidence of Critical Loads for Sway and Nonsway Modes
For bracing of nonnegligible stiffness (~. > 0), Per for sway buckling can be larger than PE' It can be even larger than Pcr for nonsway buckling. That this can indeed happen is confirmed by the plots of Per/PE and Per/PE versus I3b shown in Fig. 2 for ~. = 10, IS, and 20. Substituting (4) into (7), we find that the critical loads for the sway and nons way buckling modes coincide if the bracing has a certain critical stiffness characterized by
If ~b is given, A needs to be solved from the transcendental equation (4) (e.g., by Newton's iterative method), and then the corresponding critical bracing stiffness parameter ~e can be evaluated from (9). To get the plot of ~. versus ~b' it is simpler
FIG. 2. Critical Loads versus Bracing Stiffness
to choose a series of values of A and for each of them evaluate I3b from (4) and ~e from (9).
INITIAL POSTCRITICAL BUCKLING ANALYSIS
The postcritical behavior is a geometrically nonlinear problem. However, we are interested only in the initial postcritical behavior, for which only one order of accuracy above that of the linearized theory of buckling is needed. The cause of nonlinearity is that the dependence of the curvature on the deflection slope is nonlinear and the dependence of the axial shortening on the deflection slope is a higher than quadratic function. A differentiation generally decreases the accuracy of approximation of a curve by one order. Vice versa, integration increases the order of accuracy by one order. Therefore, if we take the distribution of 9 according to the linearized theory of buckling, which is sinusoidal and only first-order accurate, and integrate 9 with at least a second-order accuracy to obtain the deflections, the deflections will be second-order accurate in terms of the rotations, and thus sufficient for the purpose of initial postcritical analysis.
Therefore, it is possible to assume the same distribution of rotation Sex) along the column as in the classical linearized theory, i.e., the sinusoidal distribution (even though the exact distribution of 9(x) at large deflections is not sinusoidal). The potential energy depends quadratically on the curvatures and linearly on the axial shortening. Therefore, it is necessary to express the curvatures from the rotations with at least secondorder accuracy in terms of the rotations, and the axial shortening with at least fourth-order accuracy in terms of the rotations. This approach was proposed in section 5.9 of Bafant and Cedolin (1991) and it was demonstrated that it gives correct results for a column.
To integrate the rotations with second-order accuracy, instead of the rectilinear axial coordinate x it is now better to use the curved length coordinate s of the deflected column; s is measured from the column midheight along the deflection curve [ Fig. l(c, e) ]. The distribution of S according to the linear theory is a general linear combination of the expressions in (2) and (6). Because this distribution needs to be only firstorder accurate, we may replace x with s, and so we introduce 9(s) = 90(~) + ql sin A~ + q2 cos A~ + q3' (10) in which ~ = slle = dimensionless coordinate along the curve; ql> Q2, and q3 = generalized displacements. The initial slope fM~) represents the initial imperfection of the column, assumed also as sinusoidal: (Xl> (X2 are the given initial imperfection parameters, of which (XI represents the amplitude of the symmetric (sinusoidal) imperfection of the column and (X2 represents the amplitude of the initial asymmetric imperfection (sway angle of the floor). From (10) The curvature is exactly aetas, and so the energy expressions in ( 
The nonlinearity of the foregoing expression arises from the use of the curved coordinate s instead of the rectilinear axial coordinate x, and from functions cos e and sin 6. These functions cannot be approximated as cos 6 = 1 -(e 
The equation system (17) is nonlinear, and a numerical solution is necessary. An effective method of solution is the Lev-516/ JOURNAL OF STRUCTURAL ENGINEERING / APRIL 1997 enberg-Marquardt optimization algorithm (available as a standard library subroutine). In nonlinear problems, the objective function to be minimized, representing the sum of squares of the right-hand sides of the nonlinear equations, has many local minima. For this reason, the solution of nonlinear problems is difficult. The optimization algorithm often converges to some incorrect local minimum.
The present problem, however, belongs to a special class of nonlinear problems for which the solution is easy because a good initial estimate of the solution can always be supplied to the optimization subroutine. This is the special class of problems for which the evolution of the solution depending on some control parameter can be traced in small steps from a simple initial state. We solve a sequence of problems such that the input values change from one problem to the next only sufficiently little, in which case the solution of the previous problem provides a good initial estimate for the next problem.
For a given value of load P, several different solutions may exist because of interactions between different modes of buckling. The multiplicity of solutions is especially marked when P is close to the critical load or the maximum load. The values of qh q2, and q3 are then very sensitive to P. A very small increment of load P may cause large increments of qh q2, and q3' and sometimes no solution can be found. Furthermore. when P is the controlled variable, the tangential stiffness matrix is nearly singular in the vicinity of the maximum load, which induces instability of numerical solution. Therefore. setting the P value as the input would not be a wise procedure. It is better to specify ql (or q2) as the input and then solve for P, q3' and q2 (or ql)' In that case, load control is replaced by displacement control of ql (or q2), and consequently [see e.g., BaZant and Cedolin (1991), chapter 4], the structure becomes stable at the maximum load and even for a certain range beyond the maximum load until a snapback state is reached (if ever). Stability of the structures ensures stability of the present numerical solution. Whether it is better to set the value of ql or of q2 as the input depends on which critical mode dominates. Gaining some experience helps.
The integrals in (18)-(20) are evaluated by numerical quadrature (an eight-point Gaussian quadrature was used). When qh q2, Q3' aI, a2 are so small that their maximum is less than 0.05, the following integrals may be approximated by the expression based on the linearized theory
POSTCRITICAL BEHAVIOR AND IMPERFECTION SENSITIVITY
Frames with various stiffness parameters ~b and ~. and various imperfections have been analyzed. As before, the critical loads for the nonsway (symmetric) and sway (nonsymmetric) buckling modes of the perfect structure are denoted as Per, and Per" respectively. The numerical results are plotted in Figs.  3(a, b)-lO(a, b) , which show the plots of the load P versus the load-point displacement UI (the axial shortening of the column), and of the load P versus the lateral deflection Wo of column at midheight, for various values of imperfection parameters a = al and a2, including the case of no imperfection 
As seen from Figs. 3(a. b)-lO(a, b), calculations are made only for what can be expected the most dangerous imperfections-either the asymmetric imperfection of the symmetric imperfection, but not both simultaneously. Of course calculations could have been run for various combinations of these imperfections. But that would greatly expand the number of plots to show, and would also complicate the interpretation based on the fitting of Koiter's power law to the maximum load values. However, the fact that the load-deflection diagrams for one imperfection lie far above the load-deflection diagrams for the other imperfection (as seen by comparing, e.g., Figs. 3 and 4) suggests that combined imperfections can hardly be expected to interact strongly, and so their consideration is probably unimportant. This should nevertheless be checked in future studies. In any case, though, the simultaneous effect of combined symmetric and asymmetric imperfections could not make the imperfection sensitivity weaker, and so it is certain that the imperfection sensitivity is at least as strong as shown here.
The symmetric and asymmetric imperfection shapes are chosen in (10) as simple shapes. Other shapes may be expected to give similar results. The important point is that the deflection according to the symmetric (or asymmetric) shape does work on the first symmetric (or asymmetric) buckling mode. This guarantees the chosen imperfections to excite both buckling modes.
The diagrams of P versus Wo are the conventional plots.
Unlike these diagrams, the diagrams of P versus UI make it possible to decide stability of equilibrium states because P is conjugated by work with UI; when the load is a dead load (gravity load), a rising (or descending) diagram P(UI) implies a stable (or unstable) state [see e.g., Bafant and Cedolin (1991), chapter 10]. Based on the numerical results shown, the following observations can be made.
All the plots of P versus UI or Wo show that the postcritical behavior of the frame is always of the type called symmetric bifurcation. The asymmetric bifurcation, which is always unstable and has a stronger imperfection sensitivity, never occurs.
The bifurcations in Fig. 9(a, b) , with a rising postbifurcation branch, are of the stable type. They are known to be imperfection insensitive. The bifurcations in Figs. 3(a, b) and 5(a, Koiter's 213-power law is confirmed by the fact that the plot of P max versus a'1J3 is a straight line initially (for very large deflections it cannot be a straight line). The imperfection sensitivity is always associated with the sway mode of postcritical buckling of the frame. The imperfection sensitivity is seen to occur only when Per, 2 Per" i.e., when the bracing is sufficiently soft or nonexistent. The cases Per, < P cr , are never imperfection-sensitive except when both critical loads are too close to each other. In this regard it may be noted that the equilibrium load-deflection diagrams in Figs. 8(b) and 9(b) exhibit a decrease of their peak load with increasing imperfection, but this is practically irrel-5181 JOURNAL OF STRUCTURAL ENGINEERING 1 APRIL 1997 evant because these diagrams are not associated with the lowest critical load; they do not represent stable states and are not realizable in a normal loading process.
When two critical modes coincide. the imperfection sensitivity often becomes stronger, either in terms of the amplitude coefficient 0.0 or also in terms of the exponent of a. Fig. 5 shows the load-deflection diagrams for sway (asymmetric) imperfections of various magnitudes. For bracing such that Per, = pc,., the imperfection sensitivity is indeed seen to be slightly stronger but only in terms of the amplitude rather than in terms of the exponent of a in Koiter's power law. The reason that the exponent does not change from -213 to -}/2 is that one of the two critical loads is associated with stable, imperfection insensitive, bifurcation. (For this reason, it is unnecessary to show here the load-deflection diagrams when a combined sway and non-sway imperfection is present.) Fig. 7 shows that, practically, the imperfection sensitivity persists even when Per, is slightly smaller than Pc", i.e., when 
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..... the occurrence of the case for which the sway and nonsway critical loads coincide. As revealed by Figs. 5 and 6, the magnitude of the decrease of maximum load caused by the imperfection sensitivity for imperfection IX = 0.01 is approximately 5.7% when both critical loads coincide or nearly coincide. However, this is roughly the minimum imperfection to consider in the design of columns (the ACI code actually prescribed the minimum eccentricity of the axial load on a column to be considered as 1 % of the column length). Much larger eccentricities can be caused by bending moments applied at the ends of a column, for example the moments caused by asymmetric loads on the floors of buildings or by the wind. For such large eccentricities the present initial postcritical analysis is probably insufficient and higher-order terms may have to be included in the analysis. Nevertheless, it is clear that in such cases the imperfection sensitivity of buckling, if it occurs, can reduce the maximum load as much as 15%.
The plot of 13. versus f3b for the case Pc" = Pc" is given in Fig. 11 . For this case, the bracing design according to the usual analysis ignoring the postcritical behavior appears optimal in the use of material. But it is in fact the so-called naive optimal design.
A design that is truly optimal from the viewpoint of buckling (considered alone) is that for which the critical loads for the symmetric and asymmetric buckling are as close as possible but not so close as to produce a significant imperfection sensitivity. This requires a certain safety factor ~oP' > 1 against the case of naively optimal bracing occurring for Pc" = Per, (from experience with other similar problems, the value ~oP' is likely to be somewhere between 1.1 and 2, and will depend on the severity of the imperfection). Therefore, the (nonnaive) optimal bracing is characterized by [f3.1o p , = ~op,A A -2 + cos A (27) Bracing softer than this should never be used. If f3b is given, A first needs to be solved from the transcendental equation (4) (e.g., by Newton's iterative method), and then the corresponding truly optimal bracing stiffness parameter [f3.1op, can be evaluated from (27) . To get the plot of [f3.1op, versus f3b, it is simpler to choose a series of values of A and for each of them evaluate f3b from (4) and [f3.1op, from (9) .
On the other hand, bracing much stiffer than that given by PCr'P E Perfect Pcr/P E Asymmetric Imperfection PmaiPcr P Cr2 (27) is uneconomical from the viewpoint of buckling (although it might be needed to resist wind and earthquake).
When a symmetric imperfection with Per, < P Cr2 is considered, the present calculation method yields the load-deflection diagrams exemplified in Fig. 10 . It is interesting that the loaddeflection diagram for an imperfect structure, as well as that obtained for the limit case of a perfect structure (or a structure with an extremely small imperfection), exhibits a bifurcation such that the bifurcation point and the descending bifurcated branch lie above the descending load-deflection diagram for postcritical buckling of the perfect structure in the sway mode. However, states above this diagram cannot be stable and are not reachable by a normal loading process. Such results of calculations must be fictitious. They are doubtless obtained as a consequence of the fact that the distribution of rotation along the column is here restricted to be sinusoidal (and thus free of nonsinusoidal types of imperfections).
The maximum load of a frame with high imperfection sensitivity is reached only at rather large deflections-approximately Wo = O.lL for imperfection Q2 = 0.01 according to Fig. 5(b) . At such a large deflection, practical frames are likely to 520 I JOURNAL OF STRUCTURAL ENGINEERING I APRil 1997 develop inelastic response. Its consideration is recommended for future studies. The inelastic response of the imperfect frame at large deflections is likely to reduce further the maximum load compared to the critical load of elastic frame, and so it can only increase the imperfection sensitivity. Also, the initial postcritical analysis may become too inaccurate at such large deflections and higher-order terms may have to be considered.
Similar conclusions may be obtained for other frames, e.g., the portal frame. For that frame, the effect of the bracing stiffness on the critical loads for the sway and nonsway modes was studied by Kounadis (1983) . He determined the bracing stiffness for which both critical loads coincide. Knowing from the investigations of Kounadis (1980) and Simitses et al. (1981) that the sway buckling mode for that frame, same as for our frame, is imperfection sensitive, and the nonsway buckling mode insensitive, Kounadis (1983) proposed that the bracing must be stiffer than that for which both buckling modes coincide, although he did not speculate how much stiffer.
Similarly, one could derive the conditions of the optimum bracing design (1) for the buckling of boundary columns of a large regular frame; (2) for the interior buckling and boundary column buckling of an infinite one-story multi bay regular frame; (3) for the interior buckling and boundary column buckling for the top floor in an infinite multistory multibay regular frame; and (4) for the interior or top-floor buckling of a one-bay multistory regular frame. In the cases of boundary columns, the buckling mode is not periodic but exponentially decaying into the interior of the frame. The problem is then coupled to difference equations of a type similar to equation 2.4.8 of Bazant and Cedolin (1991) .
CONCLUSIONS
1. The periodic interior buckling of a large regular multibay multistory rectangular frame with elastic bracing involves both nonsway (symmetric) and sway (antisymmetric) modes as the first two buckling modes. There exists a certain critical bracing stiffness such that the critical loads for the nonsway and sway modes coincide. Simple formulae for this critical stiffness are given. 2. For this and softer bracing, the postcritical buckling behavior is of the type of unstable symmetric bifurcation which exhibits imperfection sensitivity following Koiter's 213-power law. Such bracing stiffness should be avoided in design. For stiffer bracing, there is no imperfection sensitivity. 3. From the viewpoint of critical loads alone, the bracing for which the critical loads for the sway and nons way modes coincide may seem optimal. But it represents the so-called naive optimal design, because the imperfection sensitivity is the strongest in this case. It is recommended that the bracing that is truly optimal from the viewpoint of buckling should be sufficiently stiffer (perhaps 50% stiffer) than the bracing for which both critical loads coincide. In that case the frame exhibits stable symmetric bifurcation and there is no imperfection sensitivity. 4. The buckling behavior, including the postcritical imperfection sensitivity, is similar to that of a portal frame analyzed by Simitses et al. (1981) and Kounadis (1983) . 5. A recently proposed simple method for the initial postcritical analysis of frames (BaZant and Cedolin 1991) is demonstrated. In this method, one assumes the distribution of cross section rotations along the columns and beams to be the same as in the buckling modes of the perfect frame (obtained by the classical linearized theory of buckling, which gives a sinusoidal distribution if the cross section is uniform). Then the curvatures and deflections are obtained from the rotations by integration with at least a second-order accuracy in terms of the rotations, and the axial shortening with at least a thirdorder accuracy. A potential energy expression (which is fourth-order accurate in terms of deflections, axial shortening, and curvatures) is thus obtained and minimized.
APPENDIX I. LINEARIZED BUCKLING ANALYSIS BY ENERGY MINIMIZATION
For small deflections, 
Since the initial axial force in the beam is zero and its increment caused by buckling is second-order small and thus negligible, the elementary theory of bending applies to the beam. Therefore, according to the well-known stiffness matrix of a beam without axial force (30)
Nonsway Buckling Mode
Substituting (2) and 6 = qk cos ('A/2) into (28)- (30) Substituting further (3) into (33), we get the condition in (4) for the critical load for nonsway buckling.
Sway Buckling Mode
Expressing the end rotations 6 1 , 6 2 and column top displacement a from (6), and substituting them along with (6) into (28) 
Solving this quadratic equation with (37)- (39), we obtain the condition in (7) for the critical load for sway buckling.
